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1. Introduction
Microwave waveguides are usually composed of metals and dielectrics. The high contrast of
their electromagnetic parameters benefits that the electromagnetic energy is strongly confined
near the waveguiding structures and propagates along them. However, metal waveguides
in millimeter and sub-millimeter wave regions are often suffered from large attenuations be-
cause the conductor loss of metal rapidly increases with the operating frequency. This is a
reason why optical fiber, which is a waveguide for much higher frequency ranges, is com-
posed of dielectrics only and avoids the use of metals. Then, the dielectric waveguides are
widely investigated in millimeter and sub-millimeter wave regions to get rid of the conductor
loss. They are typically composed of the core and the surrounding cladding. The refractive
index of the core is some larger than that of the cladding. The fields propagating along a
dielectric waveguide are not totally confined as with a metallic waveguide, and they are com-
posed of the guided modes and the radiation modes. These modes are coupled to each other
when the waveguide structure is not uniform along the wave propagation. Then the bending
loss tends to be large in the dielectric waveguides. This is an obstacle to realize integrated
circuits. The photonic crystal waveguide attracts attention as a waveguiding structure that
resolves this problem.
The photonic crystals are periodic dielectric structures that are designed to reject the propaga-
tion of electromagnetic waves at certain wavelength range. Local collapses of the periodicity
supply significant advantages for field confinement, wave guiding, and directing radiation.
Especially, defects introduced into the photonic crystals compose electromagnetic wave de-
vices such as cavities, waveguides, splitter, coupler, etc. and they constitute photonic crystal
circuits. The photonic crystals are composed of dielectrics only and the conductor loss is neg-
ligible in many cases. Also, the electromagnetic fields are strongly confined around the defects
because any energy cannot escape through the surrounding photonic crystal. These features
provide a significant progress towards reducing the size of electromagnetic wave circuits. The
electromagnetic wave propagation along the photonic crystal circuits has been simulated us-
ing various numerical methods such as the beam propagation method(Koshiba et al., 2000),
the finite difference time domain (FDTD) method(Taflove, 1995), and the plane wave expan-
sion method(Benisty, 1996). These methods require adequate treatments of terminating con-
ditions for the waves at the output ends of the circuits. However, the structure of photonic
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crystal waveguide is nonuniform along the wave propagation, and the Floquet-mode analy-
sis is necessary to decompose the fields in input/output waveguides into the forward and the
backward propagating components. The Floquet-modes are the eigenmodes propagating in a
structure periodic along the wave propagation.
The guided Floquet-modes propagating in straight photonic crystal waveguides are some-
times analyzed by FDTD method with the help of the super-cell method(Sakoda et al., 1997)
or Prony’s method(Naka & Ikuno, 2002). However, since the computation errors are com-
paratively easy to accumulate in periodic structures, FDTD method seems to require special
techniques in accurate calculations. The structure is fully periodic in the propagation direc-
tion, and several papers(Jia & Yasumoto, 2006; Tanaka et al., 1994; Yasumoto et al., 2004) intro-
duce therefore the generalized Fourier series to expand the electromagnetic fields. Maxwell’s
equations and the constitutive relations yield a coupled ordinary differential-equation set in
terms of the generalized Fourier coefficients. Then, the dispersion equation is derived based
on the scattering-matrix (S-matrix) propagation algorithm for multilayer structures(Li, 1996a).
The derived dispersion equation is written by a complex function with a complex argument
and the zeros correspond to the propagation constants of the eigenmodes. These approaches
make us possible to obtain the guided Floquet-modes in very high accuracy, but they are not
applicable to obtain the evanescent ones.
Consideration of the evanescent modes is possible by the Fourier series expansion method
(FSEM), which was originally developed to analyze the discontinuities in dielectric wave-
guides(Hosono et al., 1982; Yamakita et al., 1993; Yasumoto et al., 1999). This method intro-
duces an artificial periodicity in the transverse direction and expresses the electromagnetic
fields in the Fourier series expansion. The waveguiding structure is sliced into segments uni-
form in the propagation direction, and Maxwell’s equations and the constitutive relations in
each segment yield a coupled ordinary differential-equation set for the Fourier coefficients
of field components. Since the coefficients of the coupled differential-equation set are con-
stant, the general solution for each segment can be obtained by an eigenvalue/eigenvector
calculation. The field coefficients are matched at the boundary between the segments, and we
can obtain the propagation characteristics for composite structure. Miyamoto et al.(Miyamoto
et al., 2003) calculated the Floquet-modes propagating in grating waveguides using FSEM.
The Floquet-modes are obtained by the eigenvalue analysis of the transfer matrix for one
periodicity cell in the propagation direction. Their formulation was applied to the Floquet-
mode analyses of photonic crystal waveguides(Li & Ho, 2003; Watanabe & Yasumoto, 2009;
Yasumoto & Toyama, 2001; Yasumoto & Watanabe, 2008a).
To show the basic idea of FSEM based on Floquet-mode concept, this chapter considers the
two-dimensional electromagnetic fields propagating in electromagnetic wave circuits formed
by defects in a photonic crystal, which consists of periodic array of rectangular cylinders. All
dielectrics under consideration are linear, isotropic, lossless media, and the permeability of
free space is assumed. The structure and fields are uniform in the y-direction, and two funda-
mental polarization are expressed by the transverse electric (TE) and the transverse magnetic
(TM) polarizations, in which the electric and the magnetic fields are respectively perpendicu-
lar to the y-axis. We consider only time-harmonic fields assuming a time-dependence in e−i ω t,
and the fields are represented by complex vectors depending only on the space variables x and
z.
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2. Floquet-Mode Analysis of Straight Photonic Crystal Waveguides
In this section, we consider the fields propagating in a straight photonic crystal waveguides
schematically shown in Fig. 1(a). The photonic crystal consists of rectangular cylinders located
parallel in rectangular lattice characterized by the periods dx and dz in the x- and z-directions,
respectively. Each cylinder has common dimensions ax and az along the x- and z-directions,
and infinitely long in the y-direction. The permittivity of rectangular cylinders is denoted by εc
and that of the surrounding media is denoted by εs. Choosing the appropriate parameters, the
cylinder array forms the photonic crystal, which rejects the wave propagation. Thewaveguide
is formed by straight line defects in the photonic crystal, andwe assume that the fields are well
confined in the x-direction.
Let ε(x,z) be the permittivity distribution. ThenMaxwell’s curl equations and the constitutive
relations yield the following relations:
∂
∂z
Hx(x,z)−
∂
∂x
Hz(x,z) = −i ω ε(x,z)Ey(x,z) (1)
∂
∂z
Ey(x,z) = −i ω µ0 Hx(x,z) (2)
∂
∂x
Ey(x,z) = i ω µ0 Hz(x,z) (3)
∂
∂z
Ex(x,z)−
∂
∂x
Ez(x,z) = i ω µ0 Hy(x,z) (4)
∂
∂z
Hy(x,z) = i ω ε(x,z)Ex(x,z) (5)
(a) (b) (c)
Fig. 1. Two-dimensional photonic crystal waveguide formed by rectangular cylinders, (a)
original structure, (b) introduction of artificial boundaries with periodicity condition, and (c)
periodicity cell for analysis.
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∂
∂x
Hy(x,z) = −i ω ε(x,z)Ez(x,z). (6)
Equations (1)–(3) correspond to the TE-polarization and Eqs. (4)–(6) correspond to the TM-
polarization.
We introduce artificial boundaries at x = 0 and x = w, which are supposed to be sufficiently far
from the line defect and not to make an unnecessary space near the boundaries (see Fig. 1(b)).
The original electromagnetic fields in 0 < x < w are then approximated by periodic func-
tions with the period w and expressed in the Fourier series expansions. For example, the
y-component of electric field is approximately expressed as
Ey(x,z) =
N
∑
n=−N
Ey,n(z) e
i n kw x (7)
where N denotes the truncation order and kw = 2pi/w. The Fourier coefficients
{Ey,n(z)}Nn=−N are functions of z, and the field profile can be derived by calculating the z-
dependence of the coefficients. To treat the coefficients systematically, we introduce (2N +
1) × 1 column matrices; for example, the coefficients of Ey(x,z) are expressed by a column
matrix ey(z) that is defined by
ey(z) =
(
Ey,−N(z) · · · Ey,N(z)
)t
(8)
where the superscript t denotes the transpose matrix. Then, replacing all the field compo-
nents by the Fourier series expansions and using the orthogonal property of the Fourier basis,
Eqs. (1)–(6) yield the following relations:
d
dz
hx(z)− i X hz(z) = −i ω [ ε] ey(z) (9)
d
dz
ey(z) = −i ω µ0 hx(z) (10)
X ey(z) = ω µ0 hz(z) (11)
d
dz
ex(z)− i X ez(z) = i ω µ0 hy(z) (12)
d
dz
hy(z) = i ω
[[
1
ε
]]−1
ex(z) (13)
X hy(z) = −ω [ ε] ez(z) (14)
where X denotes a diagonal matrix whose diagonal elements are {n kw}Nn=−N , and [ ε] and
[1/ε] are square Toeplitz matrices whose (n,m)-entries are given by the (n − m)th-order
Fourier coefficients of ε(x,z) and 1/ε(x,z), respectively. The expressions on the right-hand
sides in Eqs. (9), (13), and (14) are obtained by taking into account Li’s Fourier factorization
rules(Li, 1996b).
The entries of [ ε] and [1/ε] are functions of z. Here, we slice the analysis region into segments
uniform in the z-direction, and denote the regions l dz + (dz − az)/2 < z < l dz + (dz + az)/2
and l dz − (dz − az)/2 < z < l dz + (dz − az)/2 for any integer l as segments g and s, respec-
tively. The permittivity distribution in the segment g is also denoted by εg(x) though that in
the segment s is a constant value εs. The Toeplitz matrices [ ε] and [1/ε] are constant matri-
ces [ εg] and [1/εg] in the segment g, and constant diagonal matrices εs I and (1/εs) I in the
segment s, where I denotes the identity matrix.
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Then the general solutions to the coupled differential-equation set (9)–(14) in the segments
r = g, s are obtained by the eigenvalue/eigenvector calculations in the following forms:
(
ey(z)
hx(z)
)
= Q
(e)
r
(
a
(e,+)
r (z)
a
(e,−)
r (z)
)
(15)
(
hy(z)
ex(z)
)
= Q
(h)
r
(
a
(h,+)
r (z)
a
(h,−)
r (z)
)
(16)
with
Q
(e)
g =
(
P
(e)
g P
(e)
g
− 1ω µ0 P
(e)
g Z
(e)
g
1
ω µ0
P
(e)
g Z
(e)
g
)
(17)
Q
(h)
g =

 P(h)g P(h)g
1
ω
[[
1
εg
]]
P
(h)
g Z
(h)
g −
1
ω
[[
1
εg
]]
P
(h)
g Z
(h)
g

 (18)
Q
(e)
s =
(
I I
− 1ω µ0 Z
(e)
s
1
ω µ0
Z
(e)
s
)
(19)
Q
(h)
s =
(
I I
1
ω εs
Z
(h)
s −
1
ω εs
Z
(h)
s
)
(20)
P
(p)
g =
(
p
(p)
g,1 · · · p
(p)
g,2N+1
)
(21)(
Z
(p)
r
)
n,m
= δn,m γ
(p)
r,n (22)
for p = e,h, where γ
(p)
g,n
2
and p
(p)
g,n denote respectively the nth-eigenvalues and the associ-
ated eigenvectors of the matrices C
(e)
g = ω
2 µ0 [ εg] − X
2 for the TE-polarization and C
(h)
g =
[1/εg]−1
(
ω2 µ0 I − X [ εg]
−1 X
)
for the TM-polarization, and γ
(p)
s,n =
√
ω2 εs µ0 − (X)n,n
2. The
column matrices a
(p,+)
r (z) and a
(p,−)
r (z) give the amplitudes of the local normal modes of
the segment r = g, s propagating in the +z- and −z-directions, respectively, and the relation
between the modal amplitudes at z = z′ and z = z′′ is given as(
a
(p,+)
r (z
′)
a
(p,−)
r (z
′)
)
= U
(p)
r (z
′ − z′′)
(
a
(p,+)
r (z
′′)
a
(p,−)
r (z
′′)
)
(23)
with
U
(p)
r (z) =
(
V
(p)
r (z) 0
0 V
(p)
r (−z)
)
(24)
(
V
(p)
r (z)
)
n,m
= δn,m e
i γ
(p)
r,n z. (25)
The structure under consideration is periodic in the z-direction, and the Floquet theorem as-
serts that analysis region can be reduced in one periodicity cell to characterize the propagation
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property. Here, the periodicity cell is taken to be the region 0< z < dz (see Fig. 1(c)). The fields
in segments g and s should be matched at the boundaries z = (dz ± az)/2 by the boundary
conditions, which are given by continuing the coefficient column matrices for the tangential
field components. Using Eqs. (15), (16), and (23), the relation between the modal amplitudes
a
(p,±)
s (0) and a
(p,±)
s (dz) are derived as(
a
(p,+)
s (dz)
a
(p,−)
s (dz)
)
= F(p)
(
a
(p,+)
s (0)
a
(p,−)
s (0)
)
(26)
where the transfer matrix for the periodicity cell F(p) is given by
F(p) = U
(p)
s
(
dz − az
2
)
Q
(p)
s
−1
Q
(p)
g U
(p)
g (az)Q
(p)
g
−1
Q
(p)
s U
(p)
s
(
dz − az
2
)
. (27)
The Floquet-modes propagating in the photonic crystal waveguides are obtained by the eigen-
value analysis of the transfer matrix F(p). Let β
(p)
n and r
(p)
n be the nth-eigenvalues and the
associated eigenvectors of F(p), respectively. We define a column matrix b(p)(z) by
b(p)(z) = R(p)
−1
(
a
(p,+)
s (z)
a
(p,−)
s (z)
)
(28)
with
R(p) =
(
r
(p)
1 · · · r
(p)
4N+2
)
(29)
and denote the nth-component of b(p)(z) by b
(p)
n (z). Then, from Eqs. (26) and (28), we obtain
a relation:
b
(p)
n (dz) = β
(p)
n b
(p)
n (0). (30)
This implies that {bn(0)}
4N+2
n=1 gives the amplitudes of the Floquet-modes propagating in the
photonic crystal waveguide at z = 0, and the propagation constants are calculated by
η
(p)
n = −i
Ln(β
(p)
n )
dz
(31)
where Ln denotes the principal natural logarithm function. Also, considering Eqs. (15), (16),
and (28), the Fourier coefficients of the modal profile functions corresponding to the nth-order
Floquet-modes at z = 0 are given by (
ey(0)
hx(0)
)
= Q
(e)
s r
(e)
n (32)(
hy(0)
ex(0)
)
= Q
(h)
s r
(h)
n (33)
where Eq. (32) is for the TE-polarization and Eq. (33) is for the TM-polarization.
The propagation direction of each Floquet-mode can be judged as follows:
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• if |β
(p)
n | < 1, the corresponding mode is the evanescent one propagating in the +z-
direction.
• if |β
(p)
n | > 1, the corresponding mode is the evanescent one propagating in the −z-
direction.
• if |β
(p)
n |= 1, the corresponding mode is the guided one. When the modal power carried
in the z-direction is positive (negative), the corresponding mode propagates in the +z
(−z)-direction.
The z-component of the Poynting vector is given by
sz(x,z) = Ex(x,z)Hy(x,z)
∗ − Ey(x,z)Hx(x,z)
∗
=
N
∑
n=−N
N
∑
m=−N
(
Ex,n(z)Hy,m(z)
∗ − Ey,n(z)Hx,m(z)
∗) ei(n−m)kg x (34)
and, integrating sz(x,z) over 0≤ x ≤ w, we may obtain the following expression:∫ w
0
sz(x,z)dx = w
(
ex(z) · hy(z)
∗ − ey(z) · hx(z)
∗) . (35)
Therefore, the time-averaging modal power carried in the z-direction is calculated by
−wℜ(ey(0) · hx(0)∗)/2 for the TE-polarization and wℜ(ex(0) · hy(0)∗)/2 for the TM-
polarization, where ey(0), hx(0), hy(0), and ex(0) are obtained by Eqs. (32) and (33). The
order of F(p) (p = e,h) is 4N + 2, and the eigenvalues {β
(p)
n }
4N+2
n=1 , the propagation coefficients
{η
(p)
n }
4N+2
n=1 , and the eigenvectors {r
(p)
n }
4N+2
n=1 are here supposed to be arranged in such a way
that {β
(p)
n }
2N+1
n=1 , {η
(p)
n }
2N+1
n=1 , and {r
(p)
n }
2N+1
n=1 correspond to the Floquet-modes propagating
in the +z-direction and that {β
(p)
n }
4N+2
n=2N+2, {η
(p)
n }
4N+2
n=2N+2, and {r
(p)
n }
4N+2
n=2N+2 correspond to
ones propagating in the −z-direction.
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Fig. 2. Distribution of the eigenvalues {β
(e)
n } in the complex-plane, (a) whole view and (b)
close view near the origin. (Reproduced from K. Watanabe and K. Yasumoto, Progress In
Electromagnetics Research, PIER 92, 209–222, 2009, with courtesy of EMW Publishing.)
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The eigenvalues {β(e)n } calculated with N = 60 for the TE-polarization are plotted on the
complex-plane in Fig. 2. The parameters of the photonic crystal are chosen as εs = ε0,
εc = 12.25 ε0, dx = dz = 0.67λ0, and ax = az =
√
0.41dx. The rectangular cylinders are situ-
ated with the center at x = (m − 1/2)dx for positive integer m though one layer of cylinder
array is removed at x = 5.5dx to form the waveguide structure, and w = 11dx is used for the
periodic boundary condition. The photonic crystal waveguide with these parameters sup-
ports two guided modes. The dots and the crosses denote the eigenvalues correspond to the
Floquet-mode propagating in the +z- and the −z-directions, respectively. Fig. 2(b) is a close
view near the origin and the dashed curve denotes a circle with a unit radius. The values on
the dashed curve correspond to the guided modes, and those corresponding to the forward
and the backward propagating modes are respectively distributed inside and outside the cir-
cle. A whole view is given in Fig. 2(a) and shows that the spectral radius of the transfer matrix
F(e) (maximum absolute value of β
(e)
n ) is about 2.2× 1014. This implies that the double preci-
sion computation leads to roundoff errors in the order of 10−2 and the obtained eigenvalues
with |β(e)n | 10−2 may not be accurate. As a result, the calculation of the Floquet-modes prop-
agating in the −z-direction are more accurate than ones propagating in the +z-direction, and
the situation should be same for the TM-polarization.
Figure 3(a) shows the normalized propagation constants {η(e)n /kd} calculated from the eigen-
values plotted in Fig. 2, where kd = 2pi/dz denotes the inverse lattice constant in the z-
direction. Jia and Yasumoto(Jia & Yasumoto, 2006) have calculated the normalized propa-
gation constants of the guided Floquet-modes as 0.415946 for the even-mode and 0.219867 for
the odd-mode. The normalized propagation constants of the guided Floquet-modes are plot-
ted on the real axis in Fig. 3(a), and their values are ±0.417 and ±0.211. They are thought to
be in a sufficiently good agreement with the reference values. If η is a propagation constant of
Floquet-mode, −η is also the propagation constant because of the structural symmetry. The
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Fig. 3. Distribution of the normalized propagation constants {η(e)n /kd} with kd = 2pi/dz in
the complex-plane, (a) direct results and (b) results with the use of the symmetric property.
(Reproduced from K. Watanabe and K. Yasumoto, Progress In Electromagnetics Research, PIER
92, 209–222, 2009, with courtesy of EMW Publishing.)
www.intechopen.com
Numerical Modeling of Photonic Crystal Circuits Using  
Fourier Series Expansion Method Based on Floquet-Modes 103
distribution of {η(e)n } should be therefore point symmetric to the origin. However, it is clearly
observed in Fig. 3(a) that the symmetry for the obtained evanescent modes is broken due to
the roundoff error, which is unnegligible for the propagation constants with large ℑ(η
(e)
n ).
Using the symmetric property, the accuracy of the Floquet-modes propagating in the +z-
direction can be improved. Let R
(p)
1 and R
(p)
2 be (2N + 1)× (2N + 1) square matrices defined
by (
R
(p)
1
R
(p)
2
)
=
(
r
(p)
2N+2 · · · r
(p)
4N+2
)
. (36)
Then, when the error is negligible for the guided modes, more accurate results are obtained
by replacing {η
(p)
n }
2N+1
n=1 and {r
(p)
n }
2N+1
n=1 in the following ways:
η
(p)
n = −η
(p)
n+2N+1 (37)(
r
(p)
1 · · · r
(p)
2N+1
)
=
(
R
(p)
2
R
(p)
1
)
, (38)
where n in Eq. (37) is any integer 1 ≤ n ≤ 2N + 1 and Eq. (38) is presented in Ref. (Miyamoto
et al., 2003). Then, if we calculate accurately the Floquet-modes corresponding to the values
located in the lower half-plane, the other Floquet-modes are obtained by the symmetry prop-
erty. The normalized propagation constants of the TE polarized Floquet-modes for the same
photonic crystal waveguide as in Fig. 3(a), in which the constants corresponding to the modes
propagating in the +z-direction are obtained by Eq. (37), are shown in Fig. 3(b). This gives the
typical distribution of the constants of the Floquet-modes propagating in the photonic crystal
waveguides.
The present approach provides sufficiently accurate results in many applications but it has a
limitation for highly accurate computation. The spectral radius of the transfer matrix F(p) be-
comes larger with the increase of the truncation order N, and the computation with very large
N may lead to significant errors for not only the evanescent modes propagating in the +z-
direction but also the guided modes. In such case, using the symmetric property is no longer
effective to improve the accuracy. For example, when the double precision computation is
applied to the same waveguide as in Figs. 2 and 3, the guided modes cannot be distinguished
from the evanescent ones for N > 68. This limitation is some relieved if the eigenvalues are
computed as the Rayleigh quotients, but the validity is still limited(Watanabe & Yasumoto,
2009).
3. Floquet-Modal Expansion
Since the propagation constants {η
(p)
n }
4N+2
n=1 and the eigenvectors {r
(p)
n }
4N+2
n=1 are arranged in
such a way that {η
(p)
n }
2N+1
n=1 and {r
(p)
n }
2N+1
n=1 correspond to the Floquet-modes propagating in
the +z-direction and that {η
(p)
n }
4N+2
n=2N+2 and {r
(p)
n }
4N+2
n=2N+2 correspond to ones propagating
in the −z-direction, the amplitudes of the Floquet-modes {b
(p)
n (z)}
2N+1
n=1 and {b
(p)
n (z)}
4N+2
n=2N+2
correspond to the modes propagating in the +z- and −z-directions, respectively. To express
clearly, we use the following notations:
b
(p,+)
m (z) = b
(p)
m (z) (39)
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b
(p,−)
m (z) = b
(p)
m+2N+1(z) (40)
for m = 1, . . . ,2N + 1. Then b
(p,±)
m (z) gives the amplitude of the mth-order Floquet-mode prop-
agating in the ±z-direction. We rewrite the Fourier coefficients of the modal profile functions
corresponding to the mth-order Floquet-modes propagating in the +z-direction as follows:(
ey,m
hx,m
)
= Q
(e)
s r
(e)
m (41)(
hy,m
ex,m
)
= Q
(h)
s r
(h)
m (42)
for m = 1, . . . ,2N + 1. Considering Eqs. (19), (20), and (38), the coefficients of the modal profile
functions corresponding to the mth-order Floquet-modes propagating in the −z-direction are
given by (
ey,m
−hx,m
)
= Q
(e)
s r
(e)
m+2N+1 (43)(
hy,m
−ex,m
)
= Q
(h)
s r
(h)
m+2N+1. (44)
The coefficients at z = l dz for any integer l are expressed as follows:(
ey(l dz)
hx(l dz)
)
=
2N+1
∑
m=1
b
(e,+)
m (l dz)
(
ey,m
hx,m
)
+
2N+1
∑
m=1
b
(e,−)
m (l dz)
(
ey,m
−hx,m
)
(45)
(
hy(l dz)
ex(l dz)
)
=
2N+1
∑
m=1
b
(h,+)
m (l dz)
(
hy,m
ex,m
)
+
2N+1
∑
m=1
b
(h,−)
m (l dz)
(
hy,m
−ex,m
)
(46)
from Eqs. (15), (16), and (28). This gives the Floquet-mode expansion representation for
the fields at z = l dz in the Fourier space. From Eqs. (30), (31), and (37), the amplitudes
{b
(p,±)
m (z)}
2N+1
m=1 have the following dependence:
b
(p,±)
m (l
′ dz) = b
(p,±)
m (l dz) e
±i(l′−l)η
(p)
m dz (47)
for any integers l and l′.
Here, two field distributions (E1,H1) and (E2,H2) are known to satisfy Lorentz’s reciprocal
theorem:
∇ · (E1(x,z)× H2(x,z)− E2(x,z)× H1(x,z)) = 0. (48)
Integrating over the layer between z = l dz and z = l′ dz for any integers l, l′ and using the
Gauss theorem, we may obtain the following relation:
∫ w
0
(E1(x, l dz)× H2(x, l dz)− E2(x, l dz)× H1(x, l dz)) · ẑ dx
−
∫ w
0
(
E1(x, l
′ dz)× H2(x, l
′ dz)− E2(x, l
′ dz)× H1(x, l
′ dz)
)
· ẑ dx = 0 (49)
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where the fields are assumed to satisfy the periodic boundary condition with period w and ẑ
denotes the unit vector along the positive z-axis. The Cartesian components of the fields are
expressed in the Fourier series expansions. Then, Eq. (49) yields
〈e1,y(l dz)|h2,x(l dz)〉 − 〈e2,y(l dz)|h1,x(l dz)〉
− 〈e1,y(l
′ dz)|h2,x(l
′ dz)〉+ 〈e2,y(l
′ dz)|h1,x(l
′ dz)〉 = 0 (50)
for the TE-polarization, and
〈e1,x(l dz)|h2,y(l dz)〉 − 〈e2,x(l dz)|h1,y(l dz)〉
− 〈e1,x(l
′ dz)|h2,y(l
′ dz)〉+ 〈e2,x(l
′ dz)|h1,y(l
′ dz)〉 = 0 (51)
for the TM-polarization. For example, e1,y(z) denotes the column matrix of the Fourier coeffi-
cients corresponding to the y-component of E1(x,z). Also, the angle brackets denote an inner
product defined by
〈a|b〉 ≡
2N+1
∑
n=1
(a)n (b)−n+2N+2 (52)
where a and b are vectors of length 2N + 1. Equations (50) and (51) represent Lorentz’s recip-
rocal theorem in the Fourier space.
We choose the mth-order Floquet-mode propagating in the +z-direction as the first fields
(E1,H1) and the m
′th-order Floquet-mode propagating in the ±z-direction as the second
fields (E2,H2). The propagation constants η
(h)
m and η
(h)
m′ are assumed to be equal only when
m = m′. Then, for the TE-polarization, we use the following column matrices:(
e1,y(l dz)
h1,x(l dz)
)
= b
(e,+)
m (l dz)
(
ey,m
hx,m
)
(53)(
e2,y(l dz)
h2,x(l dz)
)
= b
(e,±)
m′ (l dz)
(
ey,m′
±hx,m′
)
(54)
for any integer l. Substituting into Eq. (50) and using Eq. (47), we obtain[
1− e
i(l′−l)
(
η
(e)
m ±η
(e)
m′
)
dz
](
〈ey,m|hx,m′ 〉 ∓ 〈ey,m′ |hx,m〉
)
= 0. (55)
This relation should hold for any integers l and l′. Since η
(h)
m + η
(h)
m′ = n kd for any integer n,
we have
〈ey,m|hx,m′ 〉 = 〈ey,m′ |hx,m〉. (56)
Also, since η
(h)
m − η
(h)
m′ = n kd for any integer n only when m = m
′, we derive the following
relation:
〈ey,m|hx,m′ 〉 = δm,m′ 〈ey,m|hx,m〉. (57)
Following the similar process, the relation for the TM-polarization is derived as
〈ex,m|hy,m′ 〉 = δm,m′ 〈ex,m|hy,m〉. (58)
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Equations (57) and (58) represent the orthogonal relations of the Floquet-modes.
As mentioned before, the coefficient matrices of the fields at z = l dz for any integer
l are expressed by Eqs. (45) and (46). Calculating 〈ey(l dz)|hx,m′ 〉 ± 〈ey,m′ |hx(l dz)〉 and
〈ex(l dz)|hy,m′ 〉 ± 〈ex,m′ |hy(l dz)〉 for the TE- and the TM-polarizations, respectively, the or-
thogonal relations (57) and (58) yield the amplitudes of the Floquet-modes as
b
(e,±)
m (l dz) =
〈ey(l dz)|hx,m〉 ± 〈ey,m|hx(l dz)〉
2 〈ey,m|hx,m〉
(59)
for the TE-polarization, and
b
(h,±)
m (l dz) =
±〈ex(l dz)|hy,m〉+ 〈ex,m|hy(l dz)〉
2 〈ex,m|hy,m〉
(60)
for the TM-polarization.
4. Discontinuities in Photonic Crystal Waveguides
Next, we consider nonuniform structures formed by defects in a photonic crystal as shown in
Fig. 4. The fields are assumed to be well confined in 0< x < w and approximated by periodic
functions of x with the period w as samewith in the previous sections. The structure is decom-
posed into three sections. The regions z < 0 and z > h (h = L dz) are input/output waveguide
sections consisting of the straight line defects, while the region 0< z < h is a transition section
where the periodicity breaks. The structure is considered as a series of step-transitions of the
photonic crystal waveguides and we apply the S-matrix propagation algorithm(Li, 1996a).
For p = e,h, the matrices R(p) given by Eq. (29) and the Floquet-modal amplitudes
{b
(p,±)
m (z)}
2N+1
m=1 given by Eqs. (39), (40) for the regions (l − 1)dz < z < l dz (l = 0, . . . ,L + 1)
are denoted by R(p,l) and {b
(p,l,±)
m (z)}
2N+1
m=1 , respectively. Also, we use the column matrix
b(p,l,±)(z) whose mth-component is b
(p,l,±)
m (z). Considering b
(p,l,±)(z) gives the amplitudes
Fig. 4. Nonuniform structure formed by defects in photonic crystal.
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of the Floquet-modes propagating in the ±z-direction, the S-matrix of the region 0 < z < l dz
are defined by
(
b(p,0,−)(0)
b(p,l+1,+)(l dz)
)
=

S(p)l,11 S(p)l,12
S
(p)
l,21 S
(p)
l,22

( b(p,0,+)(0)
b(p,l+1,−)(l dz)
)
(61)
where S
(p)
l,11, S
(p)
l,12, S
(p)
l,21, and S
(p)
l,22 are (2N + 1)× (2N + 1) square submatrices. The boundary
condition at z = l dz (l = 0, . . . ,L) is matched by equating the Fourier coefficients of tangential
field components in both sides of the step-transition, and yields(
b(p,l+1,+)(l dz)
b(p,l+1,−)(l dz)
)
=
(
G
(p,l)
11 G
(p,l)
12
G
(p,l)
21 G
(p,l)
22
)(
b(p,l,+)(l dz)
b(p,l,−)(l dz)
)
(62)
with (
G
(p,l)
11 G
(p,l)
12
G
(p,l)
21 G
(p,l)
22
)
= R(p,l+1)
−1
R(p,l). (63)
From Eq. (62) for l = 0, the initial S-matrices are derived as follows:
S
(p)
0,12 = G
(p,0)
22
−1
(64)
S
(p)
0,11 = −S
(p)
0,12 G
(p,0)
21 (65)
S
(p)
0,21 = G
(p,0)
11 + G
(p,0)
12 S
(p)
0,11 (66)
S
(p)
0,22 = G
(p,0)
12 S
(p)
0,12. (67)
Also, Eq. (47) gives the following relations:
b(p,l,+)(l dz) = D
(p,l) b(p,l,+)((l − 1)dz) (68)
b(p,l,−)((l − 1)dz) = D
(p,l) b(p,l,−)(l dz) (69)(
D(p,l)
)
n,m
= δn,m e
i η
(p,l)
m dz (70)
for 1, . . . ,L, where {η
(p,l)
m }
2N+1
m=1 are the propagation constants of the Floquet-modes in each
region (l − 1)dz < z < l dz. When the S-matrices S
(p)
l−1,11, S
(p)
l−1,12, S
(p)
l−1,21, and S
(p)
l−1,22 are given,
the S-matrices S
(p)
l,11, S
(p)
l,12, S
(p)
l,21, and S
(p)
l,22 are derived from Eqs. (61), (62), (68), and (69) as
follows:
S
(p)
l,12 = S
(p)
l−1,12 D
(p,l) W
(p)
l,1
−1
(71)
S
(p)
l,11 = S
(p)
l−1,11 − S
(p)
l,12 G
(p,l)
21 D
(p,l) S
(p)
l−1,21 (72)
S
(p)
l,22 = W
(p)
l,2 W
(p)
l,1
−1
(73)
S
(p)
l,21 =
(
G
(p,l)
11 − S
(p)
l,22 G
(p,l)
21
)
D(p,l) S
(p)
l−1,21 (74)
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with
W
(p)
l,1 = G
(p,l)
22 + G
(p,l)
21 D
(p,l) S
(p)
l−1,22 D
(p,l) (75)
W
(p)
l,2 = G
(p,l)
12 + G
(p,l)
11 D
(p,l) S
(p)
l−1,22 D
(p,l). (76)
Consequently, the S-matrices S
(p)
L,11, S
(p)
L,12, S
(p)
L,21, and S
(p)
L,22 for the entire transition section are
obtained by the initial matrices (64)–(67) and the recursive relations (71)–(76).
The proposed method has been used to analyze several fundamental photonic crystal circuit
components(Yasumoto & Watanabe, 2008a;b). The photonic crystal consists of identical rect-
angular cylinders situated parallel in rectangular lattice. The permittivities of the surround-
ing medium and the cylinders are εs = ε0 and εc = 12.25 ε0. The dimensions of the cylinders
are ax = az = 0.2
√
pi dx and the lattice constants are dx = dz = 340µm. We consider the TE-
polarized fields, and the photonic crystal waveguides formed by a straight line defect in the
photonic crystal support only one guided Floquet-mode.
First, we consider a directional coupler with the coupling length with h = 10dz as shown in
Fig. 5(a). The wavelength in free space and the artificial periodicity for FSEM are chosen as
λ0 = 1mm and w = 20dx. The incident wave is the guided Floquet-mode of the uniform
waveguide in z < 0. If the guided mode is arranged to be the first-order mode, this incident
condition is given as
b
(e,0,+)
m (0) = δm,1 (77)
b
(e,L+1,−)
m (h) = 0 (78)
for m = 1, . . . ,2N + 1. Let e
(l)
y,m and h
(l)
x,m denote the Fourier coefficient matrices of the modal
profile functions corresponding to the mth-order Floquet modes in each region (l − 1)dz <
z < l dz. Then, the transmitted and the reflected powers are respectively calculated by
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Fig. 5. Photonic crystal direction couplers: (a) structure under consideration and (b) conver-
gence of the normalized reflection and transmitted powers as functions of the truncation order
N.
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(s
(e,L+1)
1 /s
(e,0)
1 ) |b
(e,L+1,+)
1 (h)|
2 and |b
(e,0,−)
1 (0)|
2 with s
(e,l)
m = −wℜ(e(l)y,m · h(l)x,m
∗
)/2, and they
are shown in Fig. 5(b) as functions of the truncation order N of the Fourier series expansions.
We can see that a good convergence is obtained for N  4w/dx.
Figures 6 and 7 are the results of the photonic crystal waveguide filters. The filters are formed
with resonant cavities on the defect layers as shown in Figs. 6(a) and 7(a), and the power
transmission and reflection spectra through the resonant cavities are plotted in Figs. 6(b) and
7(b) as functions of the wavelength λ0. It is seen that the transmission spectra have resonance
peaks at around λ0 = 0.91mm. Since the resonant cavity in Fig. 7 is weakly coupled with the
feed waveguides, its resonance peak is much sharper than that shown in Fig. 6.
The present formulation is also applied to photonic crystal waveguide cranks shown in
Figs. 8(a) and 9(a), in which wave propagates perpendicular partially to the z-direction and
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Fig. 6. Photonic crystal waveguide filter with a resonant cavity strongly coupled to the feed
waveguides: (a) structure under consideration and (b) power transmission spectra.
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Fig. 7. Photonic crystal waveguide filter with a resonant cavity weakly coupled to the feed
waveguides: (a) structure under consideration and (b) power transmission spectra. (Repro-
duced from K. Yasumoto and K. Watanabe, International Journal of Microwave and Optical Tech-
nology, 3, 397–403, 2008, with courtesy of ISRAMT/IJMOT.)
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Fig. 8. Conventional crank of the photonic crystal waveguide: (a) structure under consider-
ation and (b) power transmission spectra. (Reproduced from K. Yasumoto and K. Watanabe,
Proc. of CJMW2008, 3–8, 2008, with courtesy of IEICE.)
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Fig. 9. Photonic crystal waveguide crank with two resonant cavities: (a) structure under con-
sideration and (b) power transmission spectra. (Reproduced from K. Yasumoto and K. Watan-
abe, Proc. of CJMW2008, 3–8, 2008, with courtesy of IEICE.)
the artificial periodicity is chosen as w = 17dx. The conventional crank has no resonance in
the transmission and the reflection spectra as shown in Fig. 8(b). However, when two resonant
cavities are introduced in the crank, there appear three resonant peaks in the transmission
and the reflection spectra as shown in Fig. 9(b). The center peak corresponds to the resonance
wavelength of each isolated cavity (see Fig. 6), whereas other two peaks seem to represent the
resonant coupling between two cavities.
Next, we consider the photonic crystal waveguide branches shown in Figs. 10(a), 11(a), and
12(a). The incident wave is the guided Floquet-mode of the uniform waveguide in z < 0
and, then, this incident condition is also given by Eqs. (77) and (78). In these structures, the
section z > h consists of two parallel waveguides, and we are interested in the transmitted
power for each waveguide. Here we denote the upper waveguide by “1” and the lower one
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Fig. 10. Symmetric branch of the photonic crystal waveguide: (a) structure under considera-
tion and (b) power transmission spectra.
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Fig. 11. Asymmetric branch of the photonic crystal waveguide: (a) structure under consider-
ation and (b) power transmission spectra.
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Fig. 12. Asymmetric branch of the photonic crystal waveguide with a resonant cavity: (a)
structure under consideration and (b) power transmission spectra. (Reproduced from K. Ya-
sumoto and K. Watanabe, Proc. of CJMW2008, 3–8, 2008, with courtesy of IEICE.)
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by “2.” Let ey,ν,m and ±hx,ν,m be the Floquet coefficient matrices of the modal profile func-
tions corresponding to the mth-order Floquet-modes of the isolated waveguides ν (ν = 1,2)
propagating in the ±z-direction, and b
(e,l,±)
ν,m (z) be the associated modal amplitudes for the
regions (l − 1)dz < z < l dz (l = 0, . . . ,L + 1). From Eqs. (45) and (59), the relation between the
amplitudes of the isolated waveguide modes and the compound modes are derived as
b
(e,l,±)
ν,m (l
′ dz) =
2N+1
∑
m′=1
b
(e,l,±)
m′ (l
′ dz)
〈e
(l)
y,m′ |hx,ν,m〉+ 〈ey,ν,m|h
(l)
x,m′ 〉
2 〈ey,ν,m|hx,ν,m〉
(79)
where the counter directional couplings are ignored. If the guided mode is arranged to be
the first-order mode, the transmitted powers for the waveguides ν are therefore calculated
by (s
(e)
ν,1/s
(e,0)
1 ) |b
(e,L+1,+)
ν,1 (h)|
2 with s
(e)
ν,1 = −wℜ(ey,ν,1 · h
∗
x,ν,1)/2. The transmitted and the re-
flected powers for the conventional branches are shown in Figs. 10(b), 11(b) as functions of
the wavelength. It is seen that the spectra have no sharp resonant peak. On the other hand,
Fig. 12(b) shows the spectra for a branch with a resonant cavity. The input power is dropped
from the waveguide 1 to the waveguide 2 through the resonance, and almost equally divided
into two transmission ports at the resonant wavelength with a small reflection.
The last examples are photonic crystal waveguide couplers with resonant cavities as shown
in Figs. 13(a) and 14(a). The incident wave is the guided Floquet-mode of the waveguide 1 in
isolation and comes from z < 0. If the guided mode is arranged to the first-order mode, the
incident condition is given as
b
(e,0,+)
m (0) =
〈ey,1,1|h
(0)
x,m〉+ 〈e
(0)
y,m|hx,1,1〉
2 〈e
(0)
y,m|h
(0)
x,m〉
(80)
b
(e,L+1,−)
m (h) = 0. (81)
Then the transmitted and the reflected powers for the isolated waveguides ν are calculated
by (s
(e)
ν,1/s
(e)
1,1) |b
(e,L+1,+)
ν,1 (h)|
2 and (s
(e)
ν,1/s
(e)
1,1) |b
(e,0,−)
ν,1 (0)|
2, respectively. The transmitted and
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Fig. 13. Photonic crystal waveguide coupler with a resonant cavity: (a) structure under consid-
eration and (b) power transmission spectra. (Reproduced fromK. Yasumoto and K.Watanabe,
Proc. of CJMW2008, 3–8, 2008, with courtesy of IEICE.)
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Fig. 14. Photonic crystal waveguide coupler with two resonant cavities: (a) structure under
consideration and (b) power transmission spectra.
the reflected powers for the photonic crystal waveguide coupler with one resonant cavity are
shown in Fig. 13(b) as functions of the wavelength. For this configuration, three lines except
for the solid lines overlap though it is indiscernible. The input power is equally divided into
four output ports at the resonant to the cavity. Figure 14(b) shows the spectra of the coupler
with two resonant cavities. Two reflection spectra still overlap but the transmission spectrum
of the isolated waveguide 2 separates from them. In this case, about 80 percent of the input
power is dropped from the waveguide 1 to the waveguide 2 through the resonance.
5. Conclusion
This chapter has presented the Fourier series expansion method for analyzing the photonic
crystal circuit components. The method derives the Floquet-modes by the eigenvalue anal-
ysis of the transfer matrix for one periodicity cell in the propagation direction, and the in-
put/output relations are expressed by the S-matrix for the Floquet-modes. The numerical
examples for photonic crystal filters, cranks, branches, and couplers have been presented to
demonstrate the effectiveness of the present method. We have dealt with the photonic crystals
consisting of rectangular cylinders only. However, the method is also applied to the photonic
crystals consisting of circular cylinders by introducing the staircase approximation or using
a numerical integration to derive the transfer matrix for one periodicity cell. Also, when the
number of rows of cylinders on each side of the waveguide is not enough, the radiation loss
can be taken into account by introducing the perfectly matched layer near the artificial bound-
aries(Li & Ho, 2004; Yasumoto et al., 2002; Zhang & Jia, 2007).
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